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Abstract. There are two types of J-holomorphic spheres in a symplectic manifold invari- 
ant under an antisymplectic involution: those that have a fixed point locus and those that 
do not. The former are described by moduli spaces of J-holomorphic disks, which are well 
studied in the literature. In this paper, we first study moduli spaces describing the latter 

£^ and then combine the two types of moduli spaces to get a well-defined theory of counting 

real curves of genus 0. We use equivariant localization to show that these invariants (unlike 
the disk invariants) are essentially the same for the two (standard) involutions on p 4 ™" 1 . 

i— i Some followup papers extends these ideas to genus 1 and higher. 
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1. Introduction 

Let (X,(jj,<f>) be a symplectic manifold, which we will assume to be connected throughout 
this paper, with a real structure 0, i.e a diffeomorphism <p: X — > X such that <fi 2 = idx 
and <f)*u = —u. Let L = Fix(0) C X be the fixed point locus of 0; L is a Lagrangian 
submanifold of (X, u) which can be empty. In the simplest case of (X, uj) = (P 1 , Wps), where 
ujps is the Fubini-Study symplectic form, there are involutions of both types. An almost 
complex structure J on TX is called (u, 0)-compatible if (ft* J = — J and J-) is a metric. 
Denote the set of such almost complex structures by J^^ or simply J^. 

Fix a compatible almost complex structure J. Let u : P 1 — > X be an n-marked somewhere 
injective J-holomorphic sphere, i.e. 

du + J o du o j = 0, = {z} for almost every z € P 1 , 

where j is the complex structure of P 1 . We call such a J-holomorphic map real if its image 
(as a marked curve) is invariant under the action of 0. In this case, pulling back to P 1 , 
we get an involution on P 1 , which may or may not have fixed points and preserves the set 
of marked points. After a change of coordinates, an antisymplectic involution with fixed 
points can be written as 

r-.F^F 1 , t([z,w]) = [w,z], 

while a fixed point free involution can be written as 

T]:F 1 ^F 1 , r){[z,w}) = [w,-z}. 

For k, I G and A e H 2 (X), we define M k ,i(X, A)^ T and Mi(X, A)^ to be the moduli 
spaces of degree A genus zero J-holomorphic curves u : P 1 — > X satisfying 

(1.1) u = <p o u o r and u = (j)ouor], 

respectively, with / disjoint ordered conjugate pairs of marked points, along with k real (r- 
fixed) marked points in the first case. By [13, Appendix C], these moduli spaces have real 
virtual dimension 

d\m VlT M Kl {X, A)^ T = dim c X + c x {A) + 21 + k - 3, 
^' 2 ^ dim™ Mi(X, A)** = dim c X + c x {A) + 21 - 3. 

Every J-holomorphic map u: P 1 — > X in Mk,i{X, A)^ ,T corresponds to two J holomorphic 
disks u: (D 2 ^ 1 ) — > {X,L) with k boundary marked points and / (±)-decorated interior 
marked points, representing (3, —4>*f3 G H 2 (X, L); the j-th decoration is (+) if the first point 
of the conjugate pair (zj, r(zj)) lies on the chosen disk and is (— ) otherwise. We define 
M.^f i {X 1 L, /3)dec and M^f i [X 1 L, (3) to be the moduli space of such J-holomorphic disks 
with and without decorations, respectively. Let A4[(X, A)^' 71 and A4k,i(X, A)^' T be the stable 
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map compactifications of JAi(X, A)^' 11 and JAk,i(X, A)^ T , respectively. Let 

ev,: Mi(X, A)^ -> X, ev t ([u,E, (z,,^)) 1 ^]) = u( Zi ), 

(1.3) evf : M k , t (X,A)^ -> L, evf ([«, E, (^=1, (^rfo))}^]) = ufa), 

ev i: M k ,i(X, Af' T -> X, e Vi ([«, E, (^) J =1 , (^, r(^))5=i]) = 

be the natural evaluation maps. 

For the classic moduli space Ai n (X, A) of J-holomorphic spheres in a homology class A, 
Gromov-Witten invariants are defined via integrals of the form 

(1.4) (Oi,--- ,9 n ) A = [_ ev*(#i) A • • • A ev* (# n ), 

J[M n (X,A)V" 

where 6*j's are cohomology classes on X; see [6], [12], [17]. These integrals make sense and are 
independent of J, because JA n (X,A) has a virtually orientable fundamental cycle without 
real codimension one boundary. One would like to define similar invariants for the moduli 
spaces M.^i (X,L,/3) and the evaluation maps in (1.3). The existence of such invariants 
is predicted by physicists ([2], [11], [14], [21]), but there are obstacles to defining such 
invariants mathematically. In addition to the transversality issues (which are also present 
in the classical case), issues concerning orientability and codimension one boundary arise. 

1.1. Disk or r-invariants. Whereas moduli spaces of closed curves have a canonical ori- 
entation induced by J, M. ki (X,L,/3) is not necessarily orientable. Moreover, if it is ori- 
entable, there is no canonical orientation. If L has a spin (or relative spin) structure, then 
M. k i (X, L, 0) is orientable and a choice of spin structure canonically determines an orien- 
tation on J^^{X, L, 0)\ see [7, Theorem 8.1.1]. 

Let j : H 2 (X) — > H 2 (X, L) be the inclusion homomorphism. The union of moduli spaces 

M. k l (X, L, /3)dcc over all (3 G H 2 (X, L) such that j(A) = (3 — </>*/3 is an etale double covering 
of Ai k ,i{X, A)^ ,T , with the deck transformation 

t m : [u, (Wj) k j=1 , (Zj, ej) l j=1 ] -> [(f) o u o c, (w$ =k , (c(Zj), -€j) l j=1 ], 

where Sj = ± is the decoration and c(z) = z. A choice of spin structure on L = Fix(0) 

determines an orientation on A?^ k (X, L, /3)deo with the anticomplex orientation imposed 
on the tangent spaces at the (— ) marked points, as in [9, Section 3.2]. By [8, Theorem 
1.3] and [9, Section 3.3], t m is orientation-preserving if and only if ^p- + k is even, where 
fi(P) G 2Z is the Maslov index of (3. In particular, if L is spin and 4|iTx, then Aio^X, A)^ ,T 
or simply J\4i(X, A)^ ,T is orientable, while tm is orientation-reversing on A4 1 1 (X, L, /3)<jec- 
The moduli spaces Aik,i{X, A)^ ,T have two types of codimension one boundary; see Fig- 
ure 1. The first type, called disk bubbling, consists of maps from two spheres with a real 
point in common. This boundary breaks into unions of components isomorphic to 

(1-5) M kl+1A (X,A 1 f' r x (cv?tCV?) M (X,A 2 f' T /G, 
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Disc bubbling Sphere bubbling 




Figure 1. Half of the codimension one boundary curves in A4k,i(X, A)^' T 

where 

7^7 7 L . U U A A An J Z 2' lf l = ' Al = A * 

l 1 + l 2 = l, k 1 + k 2 = k, A 1 + A 2 = A, G=< 

Ml), otherwise. 

The second type, called sphere bubbling, appears only if k — and A = B — 4>*B for some 
B G #2p0- It consists of maps from nodal domain S = P 1 U g P 1 , taking the node g to L. 
This boundary is isomorphic to (Z 2 -quotient of) 



;i.6) □ (M 1+l (X,B) dec x CVl L), 



B£H 2 (X) 
B-4>,B=A 

where the intersection point with L, which correspond to the first marked point in the 1 + 1 
marked points, has no decoration. Note that the natural extension of tm preserves each 
component of the domain of every map in the first case and interchanges them in the second 
case. 

The boundary problem is present in nearly all cases. It has been overcome in a number of 
cases by either adding other terms to compensate for the effect of the boundary ([19], [. ], 
[5]) or by gluing boundary components to each other to get moduli spaces without boundary 
([18], [9]). None of these methods can address the issue of sphere bubbling; we address it in 
this paper. 

1.2. ^-invariants. The moduli spaces A4i(X, A)^ ,v have mostly been ignored in the liter- 
ature. As we show, the codimension one boundary consists of maps from a wedge of two 
spheres taking the node to L. The restrictions of each map to the two spheres determine 
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elements of Aii + i(X, B)c\ ec and JAi+i(X, — 0*5)d cc that differ by the involution 
M 1+l (X,B) 

dec x evi L —> M.\+l{X, — 0*-B)dec x ovi L, 

[u, z , (z h ei), • • • , {zi, ei)} ->■ [0 o u o c, c(z ), (0(2!), -ei), • • • , (c(zj), -ej)], 

where c: P 1 — > P 1 , and c(z) = z. Thus, the codimension one boundary breaks into unions 
of components isomorphic to 

(1.8) M 1+i (X,B) 

dec x evi *->i 

with B G H 2 {X) such that A = B — 0*5. In particular, if Fix(0) = 0, there are no 
codimension one boundary components, and we obtain the following result. 

Proposition 1.1. If (X, u, 0) is a symplectic manifold with a real structure <fi and Fix(0) = 
0, Aii(X, A)^' 71 has a topology with respect to which it is compact and Hausdorff. It has a 
Kuranishi structure without boundary of virtual real dimension 

d = Cl (A) + dim c X-3 + 2Z. 

Thus, it determines an element of Hd(A4i(X, Aj^jO), where O is the orientation bundle. 

This proposition is proved in Section 2. 

Remark 1.2. There are many symplectic manifolds (X,u) admitting antisymplectic invo- 
lutions without fixed points. For example, the involution r\2 m -\ on p 2m_1 defined in (1.8) has 
no fixed points. Furthermore, the symplectic cut of [3, Section 2] associates to each real sym- 
plectic manifold (X,u,<f)) with Fix(0) = S n , RP" a real symplectic manifold (X + ,u + ,<j) + ) 
with Fix(0 + ) = by "cutting out" Fix(0) and replacing that with a divisor. 

In order to define invariants, we also need to consider the orientation problem, which has 
not been studied before. A real structure on a vector bundle E — > X is an anticomplex linear 
involution <pE'- E — >■ E covering 0. A real square root of a complex line bundle E — > X with 
real structure <$e is a complex line bundle E' — > X with real structure 4>e> such that 

(E,<j) E ) = (E' ®E\<p E ,®<p E ,). 

The involution on X canonically lifts to an involution 0^ x on the complex line bundle 
K x = Ac P T*X. 

Theorem 1.3. Let (X,u,<p) be a symplectic manifold with a real structure. If (Kx,(pK x ) 
admits a real square root, all moduli spaces Mi(X, A)^' v are orientable. Moreover, a choice 
of real isomorphism (Kx,<f)K x ) — {E <g) E,(j>E® 4>e) canonically determines the orientation. 

This theorem is proved in Section 2.1. 

Remark 1.4. If L — > P 1 is a holomorphic line bundle with a complex antilinear lift fj of 
n: P 1 — > P 1 , for all k G Z there is a decomposition 

H°(L ® (TP 1 )®^ = L?l(L ® (TP x )® fc ) ®H°(L® (TP 1 )^) 
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into the ±1 eigenspaces of the endomorphism 

H°(L <g> (TP 1 )®*) -> H°{L <g> (TP 1 ) 5 ^), £ o £ o 77; 

the two eigenspaces are interchanged by J. Since the action of rj on P 1 has no fixed points and 
H°(L^)(TF 1 )^ k ) is nonzero for k large enough, the zeros of every element of (L®(TF l )® k ) 
come in pairs and thus degL is even. Hence, if Aii(X, A)^ ,ri is non-empty, then 2\Kx{A). 
Thus, if Kx has a real square root, then 4\Kx{A) whenever Aii(X, A)^' n is non-empty This 
condition is not sufficient though. 

If (X, 00, <f>) is a Kahler manifold with a complex conjugation <p and E' — > X is a holomor- 
phic line bundle, then E' ® 0*22' is a holomorphic line bundle with a real structure. Hence, 
if E — >• X is a holomorphic line bundle, E = E' ® E', and 0*2?' = then admits a real 
structure. Suppose 4\K X , i.e. there is a divisor D such that i^x = [4-D]- Since 4>*K X = K x , 
it follows that [£) — </)*D] is torsion. 

Lemma 1.5. Let (X, u, <fi) be a Kahler manifold with a complex conjugation <fi. If Kx = [4Z?] 
and [D — <fi*D] = Ox, then K x admits a real square root. 

We prove this lemma in Section 2.1. An example with Aii(X, A)^ ,v non-orientable is 
described in Section 2.1. However, we are not aware of any example with X simply connected 
and Mi(X, A)^ not orientable. 

1.3. Real GW invariants. If L = Fix(0) ^ and the sphere bubbling is present (k = 
and A = B — (f)*B for some B G H2(X)), we cannot define either the T-invariants nor the 
^-invariants separately. It is noted in [15, Section 1.5], that in order to get well-defined in- 
variants in these case, the moduli spaces A4[(X, A)^' T and A4[(X, A)^ need to be combined 
somehow. This is achieved in this paper. 

As described in Sections 1.1 and 1.2, the codimension one boundary corresponding to 
sphere bubbling in Aii(X, A)^ ,T is the same as the codimension one boundary of Aii(X, A)^ ,ri . 
By attaching Aii(X, A)^ ,T and Aii(X,A)^ ,v along their common boundary (i.e. considering 
all genus real curves representing class A), we obtain a moduli space Aii(X, A)^ whose only 
codimension one boundary corresponds to disk bubbling. We then use the method of [18] and 
observe that the codimension one boundary components of Aii(X, A)^ corresponding to disk 
bubbling are in fact hypersurfaces and therefore AAi(X, A)^ does not have any codimension 
one boundary. 

If Kx has a real square root and L is spin, the moduli spaces Aii(X, A)^ and Aii(X, A)^' T 
are orientable. By studying the orientation along the common boundary we show that the 
union is also orientable. 

Theorem 1.6. If (X,oj,<f>) is a symplectic manifold with a real structure <f>, Aii(X,A)^ has 
a topology with respect to which it is compact and Hausdorff. It has a Kuranishi structure 
without boundary of virtual real dimension 

d = ci(A) + dim c {X) -3 + 2/ 
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and thus determines an element of Ha(M-i(X, A)^ ,0), where O is the orientation bundle. 
If in addition Kx has a real square root and L is spin, then Aii(X, A)^ is orientable and 
determines an element of H^M^X, A)^, Q). 

We prove the first part of this theorem in Section 2.2 and the second part in Section 3. 
We call the resulting invariants real GW invariants. The moduli space A4i(X, A)^ provides 
a framework to define real GW invariants without any restriction on the topology of the 
image or the involution. If Aii(X, A)^' v or A4i(X, A)^ ,T is empty, the real invariants reduce 
to the disk invariants or ^-invariants above. If Aii(X, A)^ is not orientable, we can still 
consider invariants with twisted coefficients (coefficients in the orientation bundle) as in [9]. 

For example, if L = S 3 and X is a real symplectic Calabi-Yau threefold, then Ai(X, A)^ is 
zero-dimensional and orientable. In this case we cannot define disk invariants or ^-invariants 
separately. Therefore, we define real GW invariants of (X, (ft) by 

N\{X) = #[_M(X,A/] vir G Q. 

By applying the degeneration technique of [3], we prove the following statement in Section 3. 

Theorem 1.7. Let (X,u,<f)) be a real symplectic Calabi-Yau threefold. If L = S 3 , then 

N+(X) = Nl(X + ), 

where (X + ,u + ,<f) + ) is a symplectic manifold with a real structure, canonically constructed 
from X , such that Fix(0 + ) = and N^(X + ) are the corresponding 77 -invariants. 

In [3], we show that there is a natural Hamiltonian S^-action on a neighborhood of L in 
X. Applying the symplectic cut and symplectic sum procedures to this action, we build a 
symplectic fibration X — A over a disk in C, where the smooth fibers are symplectomorphic 
to X and the central fiber is normal crossing, X = X_ Ue>X + . We get an induced antisym- 
plectic involution on X which fixes X± and restricted to X + has no fixed points; therefore, 
N\(X + ) is well-defined. This shows that in a neighborhood of certain exotic almost complex 
structures, there is no contribution from the r moduli spaces. 

1.4. Projective spaces. We now discuss in some details the case X = P n . The involutions 
r, 7] : P 1 — > P 1 are special cases of the antiholomorphic involutions T 2m _i,?72m-i : P 2m_1 — > 
P 2 ™" 1 , where 

(1.9) 7"2m-l ,Z 2 ,..., Z 2 m-l, Z 2m \) — ([^2, Z\, ■ ■ ■ , Z2m, ^2m-l]) 

(1.10) V2m-1 i\ z li z 2i ■ ■ ■ 1 z 2m-l, z 2m\) — ( [ — z 2, z l , • • • j — z 2m, z 2m-l] ) • 

In particular, 

(1.11) M(P 2m -\ [d])^- 1 = M(P 2m - x , [rf])" 2 ™- 1 -", 

ignoring the orientations. 

Suppose 4> = T 2m - 1 ,r]2m-i and 

M:P i_ >p 2m-i ; [x,y]-t [pi(x,y),q 1 (x,y),...,p m (x,y),q m (x,y)], 



8 



MOHAMMAD F. TEHRANI 



where Pi,qi, ■ ■ ■ ,p m ,q m are nonzero degree d homogeneous polynomials in two variables 
without a common factor. If wo 77 = (pou, every common linear factor of pi and qi for 
some i must be a common factor of p±, qi, ■ ■ ■ ,p m , q m , and so there are no such factors. The 
commutativity condition then implies that the zeros and poles of each rational function 

[u,v] -» pi(u,v)/qi(u,v) 

are interchanged by rj, d is even if = r 2m _i, and d is odd if = r^m-i- Along with the 
explicit description of Aii(X, A)^ ,v at the beginning of Section 2, this implies that 

MiiF 2 ™- 1 , [d]) T2m - 1 ' r? = if 2 J(d, 

{[A " ] M(P 2m_1 , [d}f 2m -^ = 0, M(P 2m_1 , [d])"""*- 1 = if2|d. 

Since i^m-i has a real square root and RP 4m_1 is spin, .Mz(P 2m_1 , [d])^ is orientable for 
<j> = T4 m -i,T)4 m -i; see Theorem 1.6. In fact, the short exact sequence of holomorphic vector 
bundles 

(1.13) ^ F 11 - 1 xC A nO ¥ n-i(l) A TP"" 1 ^0 

over P™" 1 provides a canonical real square root for Kyn-i and a spin structure for KP n_1 , 
whenever n = 4m; see Section A. 2. 

For I, ti, . . . , t\ G Z + , we can then define 

(1.14) N$(t l ,...,t l )= f ev^if* 1 A ... A ev*H tl , 
where H G if 2 (P 4m_1 ,Z) is the hyperplane class. 

Theorem 1.8 (joint with Aleksey Zinger). For all m,d,l,ti, . . . ,ti G Z + ; 

(1.15) Nf-\t u ...,*,) = -N?»- l {t u . . . , *,)■ 
Furthermore, these invariants vanish if 2\d or 2\tk for some k. 

We prove this theorem in Appendix A using the equivariant localization theorem of [10]. 
In [1] and an early version of this paper afterward, a naive version of this theorem was 
presented. The theorem was extended and the necessary steps for the proof were added by 
Aleksey Zinger. In Section A.l and Remarks A. 5, A. 6, Aleksey shows that while K F 4 m +i 
does not admit a real square root, Theorem 1.8 and its proof extend to p 4m+1 . Remark 1.9 
below explains this in more details. 

If d is odd, 

M(P 4m ~\ [dlY 4 ™- 1 = M(P 4m ~\ [d}) Ti ™-^\ 

1 1 ' u>; M(p 4m- \ [d])^- 1 = -M(P 4m -\ [c/]) ^^4m - l '^ 



by the first statement in (1.12) and by (1.11). The sign above occurs because we reverse 
the orientation of Mi(X, A)^ ,v when gluing it to A4i(X, A)^ ,T in order to make the glued 
moduli space orientable; this accounts for the sign in (1.15). In this case, we show that 
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the fixed loci in A^/(P 4m_1 , [d])^™-^ and Mi^" 1 ' 1 , [d])^m-uv are the same, as are their 
normal bundles and the corresponding restrictions of the cohomology classes being inte- 
grated; this confirms (1.15) for d odd. If d is even, jvj 4m_1 (ti, . . . , t L ) = by the first 
statement in (1.12). On the other hand, in this case, the fixed loci in A4z(P 4m_1 , [d]) T4m - 1 ' T 
and M.i(¥ 4m ~ 1 , [d]) Tim - 1,r) are the same, as are their normal bundles and the corresponding 
restrictions of the cohomology classes being integrated. Since the canonical orientation on 
Mz(P 4m_1 , [d]) T4m - 1 ' r ' gets flipped when this space is glued to A^(P 4m_1 , [d]) Tim - 1 ' T , the con- 
tributions to Nj 4m ~ 1 (t 1 , . . . ,ti) from the fixed loci cancel in pairs; this confirms (1.15) for 
d even and establishes Theorem 1.8 whenever 2\d. Whether d is odd or even, if 2\tk, the 
contributions to N%(t\, . . . ,ti) from the fixed loci in .Mz(P 4m_1 , [<f])^' c , for c—r, r\ fixed, also 
cancel in pairs. This establishes the remaining vanishing statement of Theorem 1.8. 
In Example A. 3, we show that 

N^ih, ...,*,) = 1 = -Nl 4m -\t x , ...,t{) 

whenever all t\, . . . ,ti £ Z + are odd and t± + . . .+ti = 4m — 2 + 1. In particular, the signed 
number of real lines passing through a single point in p 4m_1 is ±1, as one would expect. In 
Example A. 4, we show that 

JVj 8 (3,3,3) = -l = -iVp(3,3,3), 

i.e. the signed number of real cubics passing through 3 points in P 3 is also ±1. A similar 
computation shows that 

iVf (3, 3, 3, 3, 3) = 5 = -iV 5 T3 (3, 3, 3, 3, 3). 

Remark 1.9. All moduli spaces A^;(P 2m_1 , [<i])^' c are given orientations in Section A.l. As 
in the c = r case, the orientation comes from a relative spin structure on .Moo^P 2 " 1-1 ? [d]), 
Lemma 3.1 still applies. We show directly that so does Lemma 3.3; see Section A.l. Thus, 
we can define the numbers N$(ti, . . . , t{) as in (1.14), though it is unclear in what sense these 
numbers are invariants. By the second statement in (1.12), the numbers N^ 4m+1 (ti, . . . ,t{) 
still vanish for d even. As explained in Remark A. 5, the contributions to the numbers 
A"J 4m+1 (ti, . . . ,ti) from fixed loci inM(P 4m+1 , [rf]) T4 ™+ 1 - T andM(P 4m+1 , [d]) T ^+^ still cancel 
in pairs for d even. For d odd, there is again a correspondence between the fixed loci in 
AT/(P 4m+1 , [d]) TAm+1 ' T and M(P 4m+1 , [d]) r?4 '™+ 1 '' 7 . The identity (1.15) thus still holds; see 
Remark A. 5. 

In Section 2, we investigate the boundary and orientation problems for moduli spaces of 
real curves without fixed point and define ^-invariants. In Section 3, we combine the orien- 
tation problem of Ai(X, A)^ ,T and A4(X, A)^' 71 and prove Theorems 1.6 and 1.7. Finally, in 
Appendix A, we prove Theorem 1.8. 

1.5. acknowledgment. I would like to thank my adviser, Gang Tian, for his continuous 
encouragement and support, and for sharing his inspiring insights. I should thank Aleksey 
Zinger for his patience and help with the exposition of this paper. Through the stimulus 
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conversations with him the presentation of theoretical part of this paper has been enhanced. 
I am also thankful to Penka Georgieva for many helpful discussions. 

2. Moduli spaces of real curves without fixed points 

In this section, we study the moduli space of real curves of genus without real points. 
As before, let 

(2.1) ^rrP 1 -^ 1 , v {z) = —, T (z) = -. 

z z 

Denote by G v the set of Mobius transformations (automorphisms of P 1 ), p(z) = 

commuting with rj. There is an exact sequence 

{1} ->■ 17(1) ->• 17(2) -> G v -> {1}. 

Therefore, G v = U(2)/U(l) = S 3 is a compact orientable Lie group. It acts freely and 
transitively on the sphere bundle ^(TP 1 ) of TP 1 . The orientation on S{TF l ) as the boundary 
of the disk bundle ^(TP 1 ) with its complex orientation thus induces a canonical orientation 
on G v . 

The involution on X induces an involution <fi on the moduli space A4 2 i(X,A) of all 
degree A 2/-marked somewhere injective J-holomorphic spheres: 

<f>([u, zi, z 2 ,..., z 2n -i, z 2 i\) = [(f)ouor], r)(z 2 ),r)(z 1 ), r](z 2n ),r](z 2 i-i)]. 

For every J-holomorphic sphere u : P 1 — > X in the fixed point locus of 0, there exists at 
most one antiholomorphic involution i] u such that Fix(r) u ) = and u = o u o r] u ; therefore, 
the fixed point locus of is precisely Mi(X, A)^. Intuitively, Mi(X, A)^' 11 has half the 
dimension of M 2 i(X, A). 

Let M.i(X, A)^' v denote the stable map compactification of A4i(X, AY' V . This is a closed 
subset of M. 2 i(X 1 A) consisting of maps [u, z±, . . . , z 2 j\ with the property that there exists an 
antiholomorphic involution i] u on the domain E u of u such that 

|Fix(?7„)| < 1, u = o u o r] u , <p u {z 2 ) = zi, <p u {z 2 i) = z 2X - X . 

Thus, there are two possible cases for r\ u : S u — > S M : 

(1) E = S U Ui(^« LI Hj), i] u : S — > S is an antiholomorphic involution without fixed 
points, and r\ u : Sj — > Sj is an antiholomorphic map with inverse r\ u : S^ — > S,; 

(2) S = Uj(£j U Sj), r] u : Sj — > S- is an antiholomorphic map with inverse r\ u : S- — > Sj. 

In the second case, r/ u fixes a node of S u , which must be mapped by u to Fix(0), Mi(X, A) 
contains no such elements if Fix(0) = 0. 

The virtual codimension of a boundary stratum of Mi(X, A)^ ,1] is the number of nodes in 
the domains of the elements of the stratum. If Fix(0) = 0, Mi(X, A)^ ,v contains no elements 
of the second type above, and so its boundary strata have codimension at least two. Thus, 
Mi(X, A)^' v is a moduli space without codimension one boundary if Fix(0) = 0, and there 
is a hope of defining GW-type invariants directly from Mi(X, A)^. 
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We study the orientation problem for Aii(X, A)^ ,v in Section 2.1 and describe a Kuranishi 
structure in Section 2.2. 

2.1. Orientation. In the orientation problem for A4i(X, A)^' v , it is sufficient to consider the 
case I = because any pair of marked points (zi,Zi) increases the tangent space by T^P 1 , 
which has a canonical orientation. Let Vq(X, A)^ ,v be the moduli space of parametrized 
J-holomorphic maps so that 

M (X,A)^ = Vo(X,A)*>yG n . 

In order to put an orientation on A4q(X, A)^ ,T1 , it is enough to orient Vq(X, Ay ,v . For this, 
we need to orient the determinant of the index bundle 

A to vH (E) R ®A top (H\E) R y, 

where E = u*TX and H°(E) R and H 1 ^)^ are the kernel and cokernel of a real Cauchy- 
Riemann operator on E. Recall that E admits an anticomplex linear involution T^; see the 
left diagram in (2.7). 

Definition 2.1. Let E — > P 1 be a complex vector bundle with a real structure covering 
rj. We call a trivialization of E over C*, 

E 1 C* x C m 



C* — ^-c* 

admissible if the involution <fi^{z) = i/) v ( z ) ° 4> ° V^ 1 coincides with the standard involution 
C : (z,v) — > (j](z),v). Admissible trivializations ip an d ip' of (E,(j>) over C* are called 
homotopic if there is a family of such trivializations ipt, t G [0, 1], such that ipo — ip an d 

Lemma 2.2. For every complex vector bundle E — > P 1 with a real structure <fi covering r\, 
there are two homotopy classes of admissible trivializations over C*. Moreover, for every 
admissible trivialization ip and every map 

R {ei) : C* x C m C* x C m , R (ei) (z, v) = (e lVl , ■■■ , e m v m ), e, = ±1, 

R( €i ) o ip is another admissible trivialization which is in same homotopy class as if) if and 
only ifHei = 1. 

Proof. (1) As a complex vector bundle, E is trivial over C*. Therefore, we can fix a trivial- 
ization ip : E — > C* x C m . The involution then corresponds to a map 

<f>^\ C* ->■ GL(2m,M) 

whose image lies in the set of anticomplex linear matrices. We find a change of trivialization 
matrix 

(2.2) A : C* -> GL(m, C) s.t. A v{z) o^o A; 1 = C. 
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Let B^(z) = Co 4>^{z) G GL(m, C). Since 4>ip is an involution, Bj,(T}(z))B^,(z) = I m . 
Composing on the left by G, we can rewrite (2.2) as 

(2.3) A^oB^oA- 1 = l m . 

Let a : H\ {0} — >■ GL(m, C), where EI is the closed upper half-plane, be a family of matrices 
such that 

n f Im if r Gl+; 

a[r) \ B4r](r)) if re R~. 

Next define 

f a(z)B4 z) if^GEI\{0}; 
[) \a(r){z)) ifz£U\{0}. 
It is easy to check that A is continuous and satisfies (2.3). 

(2) If ip is an admissible trivialization, any other admissible trivialization is of the form 
Aoip 1 where 



(2.4) A: C* ->• GL(m,C) and A{ri{z))A{z)- 1 = l m . 

The question is whether A is homotopic to identity through a family A t of matrices satisfying 
the same equation as (2.4). 
Let 

G = {7: [0, 1] GL(m, C) I 7 (0) = W)} , G = {7 € G : 7 (0) = I m }; 

the set G is a group under pointwise multiplication, while G is its subgroup. The restriction 
of A to the upper semi-circle, {z = e l7Tt \ t £ [0, 1]}, determines an element of G. In fact, 
the space of A's satisfying (2.3) is homotopic to G. The map 

G^GL(m,C), 7^7(0), 

is a fiber bundle with fiber Go- From the associated long exact sequence, 

► 7n(GL(m,C)) -»■ 7T (Go) ^ 7T (G) -»■ 7r (GL(m,C)) -»■ 0, 

we conclude that 7i"o(G) = Z/2Z. 1 Therefore, there are two homotopy classes of admissible 
trivializations. 

The remaining claim of the lemma is checked by chasing the maps in the long exact 
sequence. □ 

Lemma 2.3. Let E — > P 1 be a complex vector bundle with a real structure lifting r\. 
Every admissible trivialization of (E, 0) over C* C P 1 canonically determines an orientation 
of A top H°(E)^ g) A top (H 1 (E)^)* . The two orientations given by two different admissible 
trivializations coincide if and only if they are in the same homotopy class. 



1 The homomorphism 7ri(GL(m, C)) — > tto(Gq) = 7Ti(GL(m,C)) = Z is multiplication by -2 for the 
following reason. The loop 7 : [0, 1] — > GL(m, C) of the diagonal matrices with the first entry e 2l7Vt and the 
remaining entries 1 generates 7Ti(GL(m, C)). It lifts to the path s — > 7^ in G given by 7 S (£) = 7((1 — 2s)t); 
the end point of this path is an element of 7Ti(GL(m, C)) homotopic to —27. 
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Proof. The proof is analogous to that of [ , Proposition 8.1.4]. Contracting each of the two 
circles 



0,r 



{zeC*\\z\=r} and C^ r = jz <E C* | \z\ = *j 



to a point, we obtain a nodal curve E = S top U E U Ebot (picture below) with an induced 
fixed point free involution r^. We denote the quotient map by 7r: P 1 — > E. Denote by q and 
r]Y,(q) the nodal points of E. We may assume that q and rjs (q) are respectively and oo in 
o 



En = P 1 . 




Via the given trivialization, the bundle (E, <p) descends to a bundle (E, <p) over E so that 

E Iso^P 1 x C m 

and the involution |s sends (z,v) to (r)s(z), v). Over E t0 p U Ebot, is an anticomplex 
linear map of the form 

0: E Istop-^ E I Ebot • 

A section of (E,(fi) is of the form £ = (£ top , £o, Cbot), with matching conditions at the nodes. 
A section £ is real if and only if 

€bot(Vx( z )) = 0(fto P (z)),Vz G S to P and £ G r(E | So ) R . 

Therefore, it is determined by an arbitrary section of E |s t and a real section of E |s 
which match at q. 

The matching condition at the nodes gives a short exact sequence 

_> W^E)* -> W^(£ | Etop ) © W l > p {E | So ) R -> C™ 0. 
The associated index of the pair (E, <fi) is given by 

(2.5) ind R £ = md c (E | Stop ) g> index R (£ | So ) <g> det R (C™)*- 

Over Eo, the index bundle is canonically isomorphic (after deforming the Cauchy-Riemann 
operator) to 

A to PjH -0(pl x = A top R m c ^op^ 

It inherits an orientation from the choice of trivialization. Since indc(-E |s top ) and det R (C™)* 
carry orientations induced by their complex structures, they are canonically oriented. Thus, 
(2.5) induces an orientation on ind R i?. □ 

By Lemma 2.3, a systematic way of trivializing u*TX over C* C P 1 would orient Vo(X, A)^ ,r] . 
Let Kx = A^ P T*X be the canonical complex line bundle over X. It inherits an involution 
K^: Kx —> Kx (covering 0) from T^. Therefore, it is a complex line bundle with an 
involution. Any admissible trivialization of u*TX |c* canonically induces an admissible 
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trivialization of u*Kx \c* and changing the homotopy class of admissible trivialization of 
the former changes the homotopy class of the induced admissible trivialization. We can 
therefore reduce the orientation problem to the problem of finding a canonical way of ad- 
missibly trivializing u*Kx- This is an easier problem because Kx is just a line bundle and 
has less structure than TX. 

Let (L, <Pl) — > (X, 0) be any complex line bundle over X with an anticomplex linear 
involution 0^ covering 0. The line bundle L® 2 inherits an involution from the one on L by 

0£®a(ui <g> v 2 ) = 4>l(vi) <8> <Pl{v 2 )- 

Every admissible trivialization of u*L |c* induces an admissible trivialization of u*L® 2 \q*. 
However, changing the homotopy class of trivialization of L does not change the homotopy 
class of the induced trivialization on L® 2 , since changing the trivialization of L by the 
complex linear map of Lemma 2.2 changes the homotopy class of admissible trivialization 
of L® 2 by (g) = id. Thus, for the complex line bundle (L® 2 ,0£ ®c 4>l) as above 
u*L® 2 has a canonical admissible trivialization. 

Proof of Theorem 1.3. If Kx has a real square root, then there is a natural choice of ad- 
missible trivialization, determined by the choice of (Kx, K^) = (L® 2 , 0£ £g>c 0l)- Therefore, 
Vi(X, A)*'" and hence Mi(X, A)** are orientable. □ 

proof of Lemma 1.5. Let K x = [4D], where [(/>*D] = [D); therefore, L := [2D] = [D + faD] 
has a real structure. Then Kx = L® 2 and we want to choose this isomorphism such that 
it commutes with 0*. Let {U a } be a chart system symmetric with respect to 0, i.e. such 
that {Us, = 4>{U a )} = {U a } and : U a — > U a is pointwise complex conjugation. Choose the 
trivialization of Kx given by k a = dz\ A • • • A dz n on U a . Fix a set of defining equations 
{f a } for D on {£/ a }. Then the transition maps of Kx and [D] are given by fco& = k a /k 
and / a 6 = f a / fb, respectively. Define h a = f a ■ f a ° 0; these are local defining equations for 
D + (f)*D. Define h ao similarly. With the above choices for the local trivializations of Kx 
and L, the action of the involution on local sections is given by s a — > s a = s a ° 0- Since 
fCx = L® 2 , there are C*- valued functions p a describing the isomorphism between the two 
local trivializations. This isomorphism respects the involution if and only if p a = p a : = 
p a o 0. De fine p ab = p b /p a and t a = p a /p a . Since k ai = k ab o and h ab = h ab o 0, it follows 
that Pab = Pab ° 0- From p ab = p ab o we conclude that t a = t b ; therefore, {t a } represents a 
constant function c. Changing a with a, we conclude c = e l6 \ Replacing p a with e l9 ^ 2 p a , we 
get the desired isomorphism. □ 

In Appendix A we consider (P 4m_1 , r/4 m _i); since 4|Kpim-i, it has a real square root. If 
is trivial as a complex line bundle (i.e X is a symplectic Calabi-Yau manifold), then 
Kx has a real square root; moreover, in this case we can fix an admissible trivialization of 
Kx itself over X (independent of any map u) and thus determine an orientation of moduli 
space Mi(X,A)^. 

As illustrated by the two examples below, there are cases where the index bundle is not 
orientable. The first example is similar to the non-orient able example of [7, Section 8.1.2]. 
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Example 2.4. Let E = S 1 x P 1 x C — > S 1 x P 1 . Define a family of involutions, 

4> s - E |{ s } xP i-i> E |{ a } X pi, 4>s{z,v) = (r](z), e 
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Vs G S* 



The real line bundle F — )■ S l given by F s = H°(E 
Example 2.5. Let X - 

<f> : X — > X, (f)(s, t, z, w) = (s, —t 



is then not orientable. 



2 /Z 2 x P 1 x P 1 , A = {pt} x P 1 x {pt} G H 2 (X), 

1 



(2.6) 



, — e 2nts w), 



z 



Y = {(s,t,w) G R 2 /Z 2 x P 1 : (-t,e 



2wl! 



w 



(t,w)}. 



The space Y is a union of two Klein bottles with double cover 

R U {oo} x R/Z x {0, 1/2} ->• Y, (a, s, *) ->• (2s, t, ae 27r "). 

Let 7r: X — )■ IR 2 /Z 2 x P 1 be the projection to the first and third factors. Since 

f:M(X, A)*' v Y, [u] -> 7r(Im(u)), 

is well-defined and is a diffeomorphism, it follows that Ai(X, A)^ ,v is not orientable. If 
7 C AY' V is the preimage of the map S l -> Y, s -» (s, 0, 0), 

7*det(FM(X, A)*") = A top H^*TX) ® (A top Lie(G r ,))* = R g> F, 

where F is the unorientable line bundle in Example 2.4. 

2.2. Kuranishi structure. If Aii(X, A)^ 71 is not an orbifold, in order to construct a vir- 
tual fundamental class, we need to put a Kuranishi structure on the moduli space. Such a 
construction for M. k l [X, A)^' T is described in [18, Section 7]; we only describe the necessary 
adjustments. For simplicity, we ignore the marked points until the end of this construction. 



For (u, {Zi,zi) l i=1 ) G Mi(X,A)*>", let 

E u = u*TX -> P 1 , 
There are commutative diagrams 



E% = (FT 1 ) 0,1 ® c E u . 



(2.7) 



pi 



F„ 



E 



pi 



0,1 



id 



F 1 



pi 



0,1 



where T^t> = d<f)(v) and T^a = d(f> o a o dr]. The deformation theory of A4 (X, A)^' v is 
described by the linearization of the Cauchy-Riemann operator, 

(2.8) L J>n : W k *(E u ) -> W*- 1 *^ 1 ), p > 2, fc > 1; 

see [13, Chapter 3] for a similar situation. If V is the Levi-Civita connection of the metric 
u)(-,J"), Lj^ u can be written as 

LjAO = ^(Ve + JVf °j) - l -J{V^J)dj{u). 
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There is a commutative diagram 

W k > p (E u ) ^-v W k -^{E^ 1 ) 

W k > p (E u ) ^-v H/fc-i-f (^0,1) 

where {f^}(z) = T^( V (z))) and {Tjc*}(z) = T}(a{z)). Let 

W^(K) K = {£ € | T,(0 = £}, 

W*" 1 *^' 1 ). = {a G W*" 1 *^ 1 ) | 2j(a) = a} 

denote the spaces of real sections. Let H°(E U )^ and if 1 (i? u )K be the kernel and cokernel, 
respectively, of the restricted operator 

If = 0, then Ai(X, A)^ ,v is a manifold near u of real dimension 

(2.10) dim R #°(£ u ) M - dim = ind R (L J)U ) - 3 = Ci(A) + dim c X - 3; 

see [13, Theorem C.1.10]. Each pair of conjugate marked points increases the dimension by 
two and we get the dimension formula (1.2). 

If H 1 (E u )k 7^ 0, we construct a Kuranishi chart around u. For this aim, we choose 
finite-dimensional complex subspaces S u C W k,p ~ 1 (E®' 1 ) such that 

(1) every £ G S u is smooth and supported away from the boundary and marked points; 

(2) f}(£ u ) = £ u] 

(3) Lj )U modulo £ u is surjective. 

We then choose our Kuranishi neighborhood to be V(u) = [<9 -1 (£ u )]ir (modulo G v ), which 
is a smooth manifold of dimension 

cx{A) + dim c X - 3 + 21 + dim c (£ u ). 

The obstruction bundle S(u) at each / G V(u) is obtained by parallel translation of S u 
with respect to the induced metric of J. We thus get a Kuranishi neighborhood (V(u),8(u)). 
The Kuranishi map in this case is just the Cauchy-Riemann operator / — > d(f). 

In order to construct Kuranishi charts for u in the boundary strata of Aii(X, A)^' v , we 
need gluing theorems as in [7, Chapter 7]. The gluing theorems are identical to those for 
J-holomorphic disks; we thus omit the details and refer the reader to [7]. 

3. Real GW invariants 

If L = Fix(0) is non-empty, the codimension one boundary of Aii(X, A)^ ,v might be non- 
empty; see (1.8). An element of codimension one boundary is of the form (u, £ = Si U q £2), 
where Sj = P 1 , 77: £1 — > £2, and u(q) G L. After a suitable reparametrization, we may 
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assume q = G P 1 and r](z) = w. For real parameters e 7^ 0, we can glue E into a family of 
smooth curves 

E e = {(z,w) G C 2 : zw = e}. 
For e £ 1, E e inherits a complex conjugation from 77: 

?7 e :£ e ->£ e , r) e (z,w) = (w,z). 

The fixed point set of 7] 6 is S 1 if e > and is empty if e < 0. By smoothing in one direction 
(e negative), we get real curves without fixed points in A4i(X, A)^ ,ri ; by smoothing in the 
other direction (e positive), we get real curves with fixed points in Mi(X, A)^ ,T . We identify 
the common boundary and glue the two moduli spaces to get a new moduli space whose 
only boundary component comes from the disk bubbling. We define Ai(X, A)^ to be the 
resulted space. 

Each nodal curve in (1.5) is of the form (u, £ = £1 U q £ 2 ), where £j = P 1 , r: £j — > £j, 
and q G Fix(r|sJ = S l . After a suitable reparametrization, we may assume q = (Zi = 0) G 
C C P 1 and t|c = c, where c(zi) = Z{. For real e 7^ 0, we can glue E into a family of smooth 
curves 

E e = {(zi, z 2 ) G C 2 : ziz 2 = e}. 
For e G M, E e inherits a complex conjugation from r: 

r t : E e -)■ E e , r e (zi, z 2 ) = (21, z 2 ). 

The fixed point set of r e is S* 1 . By the stability condition, for each component i, either 
li 7^ or the map Ui = is non-trivial. If /, 7^ 0, we fix one of the marked points; if Ui is 
non-trivial and somewhere injective, we fix a somewhere injective point of the corresponding 
domain. By tracking the image of the chosen point, we see that gluing the map in positive 
and negative directions produce different J-holomorphic curves. If Ui is multiple cover and 
li = 0, then the obstruction bundle near Ui G Aiifi(X, Ai)'f > ' T is non-trivial and a Kuranishi 
neighborhood depends on the choice of £ Ui of the previous section. By choosing £ Ui non- 
symmetric with respect to the deck transformation of the covering map, we can assure that 
gluing in different directions produce different maps. Therefore, the real codimension one 
boundary term (1.5), corresponding to e = 0, is indeed a hypersurface. This establishes the 
first part of Theorem 1.6, i.e. that M.{X, A)^ has the structure of a closed Kuranishi space; 
the real codimension one strata (1.5) and (1.8) are real codimension one hypersurfaces in 
M(X,A)*. _ 

The next two lemmas show that Aii(X, A)^ is orientable if Kx has a real square root 
and L is spin. These assumptions imply that the spaces Aii(X, A)^ ,T and Mi(X, A)^ ,v 
are orientable; see the beginning of Section 1.1 and Theorem 1.3. Since Kx has a real 
square root, 4|ci(A) for every A G H2(X). Thus, the first lemma below implies that the 
orientation of A4i(X, A)^ ,T extends across the hypersurface (1.8). The second lemma implies 
that the orientations of Aii(X, A)^' T and Aii(X, A)^' v can be extended across the common 
boundary (1.5), possibly after flipping the orientation of the latter. In Lemma 3.3, we 
consider the induced orientation on the boundary DM of an oriented manifold M to be the 
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one given by the outward normal vector field; i.e. TM\qm = TdM x t> out , as oriented vector 
spaces. 

Lemma 3.1. Let (X,u},<f)) be a symplectic manifold with a real structure such that L = 
Fix(0) is spin. If 4\c\{Ai), then the gluing maps 

{TO>>0 
m < -+M(X,A)+>t 

given by smoothing domain with respect to the corresponding gluing parameter e , are orientation- 
preserving. 

Remark 3.2. If (X, L) is relatively spin, as in [7], all the moduli spaces Ai^^iX, L, (3) are 
still orientable. Let [V,a] be a relative spin structure as in [8]. Then, 0*[V,er] is another 
relative spin structure and is equal to a ■ [V, a), for some a G H 2 (X, L); see [8]. If 

a(fi) = M& mod 2, V/3e# 2 (X), 

then by Theorem 1.3 and Proposition 3.10 of [ ], Aii(X, A)^' T is orientable and the conclusion 
of Lemma 3.1 is still true. For example, (p 4m+1 ; ]RP 4m+1 ) is not spin but is relatively spin 
and each choice of two homotopy classes of relative spin structures satisfy the identity above. 

Lemma 3.3. Let {X,u,<f)) be a symplectic manifold with a real structure such that L = 
Fix(0) is spin and Kx has a real square root. If A,B £ H 2 (X) are such that A = B — <fi*B, 
the gluing maps 

(Mi(X,B) x CVl L) x R+ ^ M(X,A)^' T ,M(X,A)^ 

are orientation-preserving, provided the Lagrangian on the left-hand side is oriented by the 
chosen spin structure ofTL in the first case and by the choice of the isomorphism 

Ap{TL) = (A t c op (TL)) ffi = (K* X ) R » E* M <s> E* R , 

with (K x ,(f>Kx) — (E®E,(f) E ^)(j) E ), in the second case. 

Proof. A curve in the common boundary of these two moduli spaces is of the form 

f = [u,E = Fl op uXotL 

with the involution c over S having one fixed point, the node q. We replace each such / 
with the unstable map 

/=[«,£ = U PJ U P^;], 

with u restricting to the constant u(q) over the central part Pj. We can view / as an 
element of dA4(X, A)^' T by extending the involution to Pq via c| P i = r and as an element of 

dA4(X, A)^ ,ri by extending the involution to Pq via c| P i = rj. The real automorphism group of 

/ restricted to the middle component is S 1 . Following the orientation and gluing argument in 
[7, Section 8.3] and [7, Section 7.4.1], it is easy to see that the index bundles are canonically 
isomorphic through the gluing procedure and the isomorphism is orientation-preserving. 
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In fact, for each glued map f e over the glued domain E e = P 1 , in order to orient 
Tf e M{X, A)^ c , we fix an admissible trivialization of f*TX over P 1 — {0, 00} and degen- 
erate u*TX into a bundle over E, such that over the central part the induced bundle is 
admissibly trivial. This is exactly the case with u*TX. Over the central part, -u| P i is trivial 
and the set of real sections are orientably isomorphic to T U ^L. This oriented isomorphism 
determines the orientation of index bundle of the glued map. 

Therefore, in order to prove this Lemma, it remains to compare the automorphism groups 
of domains before and after gluing. Let 

Go = Aut K ([P t 1 op U 9 PL]) = Aut(P t 1 op , q) C PSL(2, C) 

be the identity component of he real automorphism group of E. This is a real 2-dimensional 
complex Lie group which has a canonical orientation and 

(3.1) T f (Vi(X,B) x CVl L) ^ T f (Mi(X,B) x CVl L) © T id G 

as oriented vector spaces, with the isomorphism obtained by splitting the short exact se- 
quence 

->■ T f (M!(X, B) x CVl L) -> T^X, B) x CVl L) ^ T id G ->• 0. 

After replacing E with E, the real automorphism group of the domain increases by a factor of 
S 1 and the gluing parameter of the domain takes values in C. To kill the extra S^-action in 
both the automorphism group and the gluing parameter, as in the statement of the lemma, 
we consider the gluing parameter to be positive real (absolute value of the complex one) and 
restrict to a real 4-dimensional section of G x S 1 , given by 

G = {(g,e w ) cGoxS 1 : dg^ G R + e- w }, 

which is canonically isomorphic to Go- Let 



C = {(z t ,z ,z b ,e) G P 1 x P 1 x P 1 x R^°\z t z = e,z b c(z ) = e, e G 
This is a real one-parameter family of genus zero real curves over 

(zt, z , Zb, e) ->■ e, 

with the fiber-preserving involution 

(z t , z , z b , e) ->■ (z b , c(zq), 2t, e), 

that describes a gluing of the singular real curve E into smooth real curves. 
Over C, consider the group Gq generated by the following set of maps 

1 11 

R r : (zt, z , z b , e) ->■ (-z t , z , -z b , -e), r G R + close to 1, 
(3.2) Re ■ (z t , z , z b , e) ->■ (e~ ie z t , e w z , e w z b , e), e w G S 1 , 

T a : (z t ,z ,z b ,€) ->• ( — _ , — — , a G C, 

1 + az t 1 + (— iy c \eaz 1 + az b 
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with |c| defined as in (A.2). This group extends the action of G' Q to the whole family. 
Restricted to each fiber C e , e ^ 0, Re and T a generate the 3-dimensional real automorphism 
group of the fiber, G v or (the identity component of ) G T , depending on c. Let 

d _ , d | . d 

vi = -7-R r \ r =i, v 2 = —R e \ e=0 , v 3 + \v A = —T a \ a=0 . 
dr da da 

Restricted to Co, these vector fields form an oriented basis of T^G' Q . The restriction of 

^2,^3,^4 to C e , e 7^ 0, they form an oriented basis of T id G c . Finally, V\ (after some positive 

rescaling) is a lift of the outward normal vector field — ^ to the family. Since the index 

bundle of / and the glued maps f e are orientably isomorphic, via decomposition (3.1), we 

get the following isomorphism of oriented vector spaces 

4 4 

T f (M 1 {X,B) x evi L) © 01.«j = T fe (M(X, A)^) ©0M.d 4 . 

i=l i=2 

Erasing the last three terms from the equation and replacing v\ by v out , we observe that 

T f (Mi(X,B) x evi L)®v out = T fc (M(X,Af' c ) } 

is an isomorphism of oriented vector spaces. This establishes the claim. □ 

Thus, if Kx has a real square root and L is spin, choosing the spin structure appropriately, 
Aii(X, A)^ is orientable and closed. In this case, for 9i, . . . , 61 G H*(X), we define real GW 
invariants by 



NX(9 1 ,...,9 l )= evt^OA-.-Aev?^)- 

J[Mi{X,A)<t>Y" 

We finish this section with the proof of Theorem 1.7. By [3, Proposition 2.1], there is a 
symplectic fibration it: X — > A with an induced real structure (px over a disk A C C such 
that the central fiber X is a nodal-crossing symplectic manifold with real structure <px 

X = X_ U D X+, D = P 1 x P 1 , <f>± := <f) X \ x± , 

where (X„,0_) is symplectomorphic to real quadratic hypersurface in P 4 given by 



Xq 1 



4 

r ' 1 



J2^ = 0, D = (x = 0), 



Fix(0 + ) = and C\(TX + ) = —D. Moreover, fibers over A* are smooth and symplectically 
isotopic to (X, 0). 

Let y = 7r _1 ([0, 1]) C X. Each fiber of y — > [0, 1] is invariant under the induced involution 
(j>x- Fix some compatible J on X. For A e H 2 (X,7*), define 

W.U}* 6( o l i].^*= U M{X t ,J t ,Af x . 

te(o,i] 

Let A^(3^, {<^t}iei"; A)^ x , where I = [0,1], be the relative stable map compactification of 
M. (y, {Jt}tg(o,i], A)^ x , as in [ , Section 3.2], including maps to the fiber over zero. Every 
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element (u, E) of M. (y, {Jtjtei, A)^ x in X Q belongs to a fiber product of relative moduli 
spaces over X_ and X + with matching conditions on D, 

(3.3) M(X-,D,p,TJ)*- x {eVe _ >eV(+) M(X + ,D,p,T + )^, 

where A4(X_, D, p, T-)^~ and Ai(X + , D, p, T + )^ + are the relative moduli spaces of real 
curves, possibly with disconnected domains, with the same intersection pattern p; £^ are 
contact points with D, and r± encodes the data corresponding to the topological types of 
the domain and image; see [3, Section 4] for more details on the definition. 

The moduli space A4(y, {Jt} te ( i] ? A)^ x gives a cobordism between the moduli space of 

real curves M.(X,{J t }i,A)^ x \ t= i = M.(X, Ji,A)^ and the moduli space of real curves in 
the singular fiber. By [3, Proposition 2.1], c\{TX + ) = —PD(D). Therefore, for every curve 
class B e H 2 (X + ) with B ■ D > 0, 

dhn™(M(X + ,D,p,r + )*+) < Cl (TX+)(B) < 0, 

whenever the image curves of type r + are in homology class B. Thus, the only term with 
non-trivial contribution is 

= #{M{X+,Af+) = #(AT(X + ,A)^) = Nl(X + ), 

where by abuse of notation A is the image of homology class A C i?2p0 i n H2(X+) via the 
natural inclusion map H 2 (X) <-¥ H 2 (X + ). 

Appendix A. Computations [Joint with Aleksey Zinger] 

In the rest of this paper, we use equivariant localization to prove Theorem 1.8 by summing 
over the fixed loci of a torus action on A^;(P 4m_1 , [d\) ■ As in [15, Section 3], these loci are 
described by graphs with one half-edge. The contribution of the complement of the half-edge 
to the normal bundle of the corresponding locus is standard. Lemma A. 2 below determines 
the key contribution of the half-edge to the normal bundle and is thus analogous to [15, 
Lemma 6], though our argument is completely different from [15]. 

We explicitly describe the canonical square root structure on K ¥ im-i and spin structure 
on ]RP 4m_1 induced by the exact sequence (1.13) in Section A. 2; these are used to define the 
numbers (1.14). We describe the fixed loci of a natural action of 

T = (5 1 r = {(Ci,...,U)eC ro : |C*| = i} 

on A^P 2 " 1-1 , [d\y in Section A. 3 and their normal bundles in Section A. 4. In Section A. 5, 
we prove Theorem 1.8 and compute some low-degree real invariants. We conclude by proving 
Lemma A. 2 in Section A. 6. 

A.l. Odd dimensional projective space. Let m,o?eZ + , (f) = T 2m -i, f]2m-i, and |0| be as 
in Equation A. 2. The space Po(P 2m_1 ! [^])^ ,r? consists of maps of the form 

u:P 1 -)-P am ~ 1 , [x,y]-> [pi(x,y),q 1 (x,y),...,p m (x,y),q m (x,y)], 
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where pi,q±, . . . ,p m ,q m are degree d homogeneous polynomials in two variables without a 
common factor. The commutativity condition on u is equivalent to 

d d 

Pi(x, y) = Ai JJ(a i;r x - b^y), qi{x, u) = B { JJ(6 i;r x+a i;r |/), 



r=l 



r=l 



for some A iy Bi G C and [a i;r .,6 i;r ] G P 1 such that 

\Ai\ = m Vz = l,...,m, [Ai,...,An] = [S a ,...,S m ] GP m ~\ 

i.e. (Si, . . .,B m ) = C(A U . . .,A m ) for some ( G S 1 C C. Note that if 2 { |0| - d, then 
^(P 2 ™" 1 , [d])^ is empty. Thus, the map 

(Sym d C) m x MP 2 " 1 - 1 -> ^(P 2 ™" 1 , [rf])^ , 

• • • , • • • , [&m;l, • • • , , • • • , -4m]) ~> 

d d d d 

^1 _ ^1 n&srZ+y), • • • ' Am 11^ _ & rn;r?/)> ^™ JJ (6m;r^ + 1/) 



r=l 



r=l 



r=l 



r=l 



where MP 2 " 1 " 1 = (C m - {0}) /R*, is an isomorphism over the open subset of P (P 2m "\ [d]) <M 
consisting of maps u such that u([l,0]) does not lie in any of the coordinate subspaces 
of p 2 " 1 " 1 . Since the complement of this subspace is of codimension 2, this isomorphism 
induces an orientation on P (P 2m_1 , [d])^^ and thus on .Mz(P 2m_1 , [d])^ 11 . We show in Re- 
mark A. 5 that this is the orientation on .Mz(P 2m_1 , [d])*'' 7 induced by the canonical real 
square root of K^am-i, whenever m is even. 

Similar reasoning applies to the space Po(P 2m_1 ) [d]) T2m ~ 1 ' T . In this case, 



Pi{x 



,y) = Ai Y\_(a i]r x + bi- r y), q { 



x. u ) 



Bi Y\_(hr X + a i;ry) 



r=l 



r=l 



with the m sets {[aj ;r , &j ;r ] : r = 1, . . . , d} having no element of RP 1 = Fix(r) in common. In 
particular, the map 

{(a,6)GC 2 : |a| ^ \b\}/M* -»■ G T = Aut(P 1 ,r), [a, b] -»• [ax+by, bx+dy], 

is an isomorphism. So, G T has two topological components, with the automorphism [x,y] — > 
[y,x] contained in the non-identity component. In general, the map 

((Sym d C) m -A M ) x MP 2 ™- 1 V (F 2m -\ [d]f' n , 

([6l;l,...,6l; d ],... 5 [^m;lj ■ • • j b mt d ],[A 1 ,...,A m \) -»■ 

d d d d 

A 1 Y\(x + bi yr y), A 1 Y\_(b 1]r x+y), . . . , A m \\{x + b m]r y), A m Y\_(bm-,rX+y) 



r=l 



r=l 



r=l 



r=l 
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A K = {([&!,!, . . . , 6 1;d ]> • • • > b m - d }) e (Sym d C) m : S^f)^ : r = 1, . . . , d} ^ G C}, 



i=l 



is an isomorphism over the open subset of "Po(P 2m_1 ) [d]) 7 " 2 " 1 - 1 ' 7 " consisting of maps u such 
that u([l, 0]) does not lie in any of the coordinate subspaces of p 2m_1 . Since the complement 
of this subspace is of codimension 2, this isomorphism induces orientations on 



2m— 1 \J\\T2m-X,T 



P (P , [d]) 



and P (P , [d]) T2m - UT '/G° T 



where G° T C G T is the identity component. On the other hand, the action tm of [x, y] —> [y, x] 
on P (IP 2m_1 ) [d]) T2m ~ 1,T lifts over the above orientation-inducing map as 

((Sym d C) m -A R ) x MP 2 ™- 1 ^(P 2 ™" 1 , [rf]) T2m ^' T , 

([6l;l,...,6l. d ],... },[A 1 ,...,A m ]) 

(fe ■ ■ ■ , ■ • • ) [ & m!l, • • • , & m|d] , [Albl-l . . . b X . d , A m fo m;1 . . . bm-d]). 

Since this lift is orientation-preserving, the action of tm on "P (P 2m_1 ) [rf]) r2m ~ 1,T is orientation- 
preserving and so A"fj(P 2m-1 , [c/]) T2m ~ 1,T is orientable for all Z. In fact, the resulting orientation 
on A^;(P 2m_1 , [d]) T2m - 1,T is induced by the canonical spin structure on TIRP 2 " 1 " 1 if m is even 
and by the canonical relative spin structure on TIRP 2m_1 if m is odd; see Remarks A. 5 
and A. 6. 

We now show that the conclusion of Lemma 3.3 applies to the moduli spaces .Mj(P 2m_:L , [2d]) T2m ~ 1,c 
with the orientations defined in above, provided the left-hand side is suitably oriented. The 
family of maps 



r=l 



Ai Y[(ea 1 . r x-y)(x-eb 1 . r y), A 1 JJ(x+ea 1;r y)(e6i ;r x+y), . . . , 

r=l 

d d 

A m Y[(ea m;r x-y)(x-eb m . r y), A m \\{x+ea m . r y){eb m . r x+y) 



r=l 



r=l 



in Mi 



j2m-l 



, [2d]) V2m ' 1,ri with e— >0 converges (before stabilization) to the map 



u top Uu Uu bot : P^UPjuP^ ->• P 2 "^ 1 with ^(Pq) = [("!)%, A h . . . , (-l) d A mj A r , 



u top ([x,y]) : 
Ubot([x,y}) 



AiY[( a i;rX-y),A 1 Y[(b 1;r x+y), . . . , A m JJ( y),^mJJ(&m;rS+y) 

r=l r=l r=l r=l 

d d d d 



r=l 



r=l 



r=l 



r=t 
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On the other hand, the family of maps 



[x, y] -> 



r=l 



A x Y[(eai ;r x+y){x+ebi ;r y), A\ ^\[x+eai- r y)(tb 1]r x+y), 

r=l 

d d 

A OT ]^(ea TO;r a;+2/)(a;+e6 m;r y) ) ^ m ]^(x+ea m;r 2/)(e6 TO;r a;+y) 



r=l 



r=l 



in A^i(P 2m 1 , [2d]) T ' 2m - 1,T with e— )-0 converges (before stabilization) to the map 

Mto P UM UM bot : P^pUPjuPk,. -> P 2 ^ 1 with Mo(P^) = A x , . . . , A m , A ri 



Ut op {[x,y\) 



u hot {[x,y\) 



MW{ai;rX+y), A x JJ(&i ;r x+y), . . . , A m JJ(a m;r x+?/), A m JJ(6 m;r x+y) 

r=l r=l r=l r=l 

ci c( d d 

Ai\\{x + bi-. r y)i AiJ^[(x+a 1;r y), . . . , A TO J|(x+6 m ; r y), A m JJ(x+a m;r ?/) 



r=l 



r=l 



r=l 



Thus, there are open subsets 



and a commutative diagram 



W c C (Sym d C) m x (Sym d C) m x MP 



2m- 1 



w„ 



W T ^W T 

where the diagonal arrows are suitably chosen gluing maps of Lemma 3.3, the horizontal 
arrows are the inverses of the orientation-inducing maps defined above, and the vertical 
arrow is the identity in the middle factor and given by 

[Oljl, • • • , a\;di ■ ■ ■ i flm;l, • • • , 0"in;d\ ~ > • • • > — &1;<2; ■ ■ ■ j — «m;l, ■ ■ ■ , ~ Cbm;d], 

[A u ...,A m }^[x i A u ...,i i A m ] 



in the first and last factors. Since these two maps are orientation-preserving, both diagonal 
arrows are orientation-preserving if the left-hand side of the gluing map in Lemma 3.3 is 
suitably oriented. 
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A. 2. The canonical orientations. The first homomorphism / = . . . , f n ) in (1.13) is 
described by 

A)}(ai,...,a n ) = Xa { V (a , . . . , a n ) e£. 
WithU i = {[X 1 ,...,X n ]: XrfO}, let 

X 

Zj = (z a , . . . , 2^ n ) : -)> C n , where ^ = -/ . 

The second homomorphism in (1.13) over Ui is described by 

d 

(p X , . . . ,p n ) -»■ ^ (Pj(Zi(^)) - %Pi(Zi(f)))— Vpj G 0p»-l(l)|<. 

It is straightforward to check that this homomorphism is independent of the choice of i 
and the sequence (1.13) is indeed exact. This short exact sequence gives rise to a natural 
isomorphism 

(A.l) A^ op (nO P n-i(l)) « A^f^xC) ® A^TF 1 " 1 ) « i^n-i. 

We define 



(A.2) 



0, if0=r 2m -i; | c |_l ' if c = r; 

1, if0 = r] 2m -i; I 1, if 0=77. 



The involution = ^2m-i ; T2m-i lifts to an involution $ on P 2m-i(— l)©CJp2m-i(— 1) by 

(x 1} . . . , X2m ), ( yi , . . . , y 2m )) = ((f>(£), (y 2 , (-1)%, . . . , y 2m , (-l) l0l y 2m -i), 

((-l)l*ls 2j Si, ... , (-l) 1 * 1 ^, x^-i)) . 
In turn, this involution induces an involution on the dual bundle (9 P 2m-i(l)©0p2m-i(l) by 



(A.3) {$(€,ai,a a )}(0(€),a:,j/) = {(*, «i, a 2 )}($(0(£), x, y)) 

and thus involutions $ on 

P 2m-l(2) S3 Ac P (C , p2m-l(l)©Cp2 m -l(l)), 2mOpam-l(l) S3 m(OpBm-l(l)©C?pam-l(l)), 

(A.4) C p2m -i (2m) S3 Ac p (2mC p2m -i (1)) S3 C p2m -i (2'f m 

lifting 0. The last two lifts commute with the homomorphisms in (1.13) and the isomor- 
phism (A.l), when n = 2m is even. 

The isomorphisms (A.l) and (A.4) determine real square root structures on K^im-i, as 
needed for orienting the moduli spaces At{(P 4m ~ 1 , [rf])^. A spin structure on ]RP 4m_1 = 
Fix(r 4m _!) is determined by a trivialization of TIRP 4m_1 = Fix(<ir4 m _i) over any one of the 
m circles 

WP] = WPi = { [X l7 . . . , X 4m ] e IRP 4m_1 : X^OVj^i,!}, i = 1,2,.. .,2m. 
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Via the real part (the fixed loci of the involutions) of the short exact sequence (1.13), such 
a trivialization induces a trivialization of 

(4mO p4m -i(l)) M = Fix($: 4mO p4m -i(l) 4mO^-i(l)) » 2m(20 P 4 m -i(l)) R , 

with the first trivializing section being /(-,1). The homotopy class of the resulting triv- 
ialization is independent of the lifts of the Am — 1 trivializing sections of TPJP 4m_1 over 
the homomorphism g in (1.13) and depends only on the homotopy class of the trivializa- 
tion of TRP 4m ~ 1 . Furthermore, this induces a bijective correspondence between the homo- 
topy classes of trivializations of the two bundles. On the other hand, any trivialization of 
(20p4m-i(l)) R over WPj induces a trivialization of 2(20 P 4m-i(l)) R , the homotopy class of 
which is independent of the choice of the first trivialization. Therefore, there is a canonical 
homotopy class of trivializations of (4m(9 P 4™-i(l)) R over WPj, which in turn determines a 
homotopy class of trivializations of TIRP 4m_1 over WPj and thus a spin structure on MP 4 " 1-1 
(which is independent of the choice of i). This spin structure determines an orientation on 
AT/(P 4m_1 , [d]) T4m - 1 ' T . Since we trivialize the summands (20 P 4 m -i(l)) R in the same way, the 
orientations on 

A^ op (TMP 4m - 1 ) = (A^ ,p 7TP 4m - 1 ) R « C P 4 m -i(2m) R <g> C p4m -i(2m) R 

and thus on IRP 4m_1 induced in the two ways described above agree. Therefore, we must flip 
the canonical orientation of the moduli spaces .Mz(P 4m_1 , [d])^ ,T? when orienting the moduli 
spaces Mii¥ im - 1 , [d\)* as in Section 3. 

A. 3. Fixed loci. For i — 1,2, ... , 2m, we define 

if2|i. 

The m-torus T acts on p 2m_1 by 

(Cl) • • • ) Cm) ■ [Z\i Z2, ■ ■ ■ , Z2m-1, ^2m] = [Cl z l, Cl Z 2i ■ ■ ■ , Cm^2 m—Xi Cm Z2m] ■ 

This action commutes with the involutions (f> = T2 m -i,7)2 m -i and has 2m fixed points, 

Pl = [l,0,...,0], ... p 2m = [0,...,1]. 

We note that <f>(pi) = pj- By composition on the left, T also acts on _A/f;(P 2m-1 , [c(])*' c , where 
c = T,m 

Lemma A.l ([16, Lemma 3.1]). The irreducible T-fixed curves in p 2m_1 are the lines Lij 
connecting the points Pi and pj with i^j. Moreover, the irreducible <p- and T-fixed curves 
in p 2m_1 are the lines L^. 

Let Aj e Hj be the equivariant first Chern class of Op2m-i\ Pi . Thus, 

Xi = — Aj, Hj = Q[Ai, A3, ... , A2m-i]- 

Let [/, (zk,c(zk))k\ be an element of A^/(P 2m_1 , [d])^' c fixed by the T-action. Since there 
are no T-fixed points in p 2m_1 that are also fixed by <fi, the domain S of / contains a 
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central component S , while the remaining irreducible components come in conjugate pairs. 
Furthermore, / = /|s is a cover of some line of some degree d EZ + which is branched 
only over pi and p\. Every nodal and marked point of S and branched point of / is mapped 
to a fixed point pj. If do < d or I > 1, the complement of S in S consists of two nodal curves 
£' and £", each with l+l marked points (xk) l k=0 so that xq corresponds to the node shared 
with So and each of the remaining points is decorated by a sign s k , + or — , depending on 
whether it is the first or the second point in the pair (z k , c(z k )). 

Similarly to [10, Section 27.3], every fixed locus of such maps can be modeled on a labeled 
tree, T, symmetric about the mid-point of a distinguished edge eo, which corresponds to the 
central component So of the T-fixed maps in the locus. Every edge e of T is labeled by some 
d e GZ + , indicating the degree of the corresponding map; these labels are preserved by the 
reflection symmetry of T. Every vertex v is labeled by some j v = l,2, . . . , 2m in such a way 
that the reflection symmetry takes a vertex labeled j to a vertex labeled j. The graph T also 
contains open edges which correspond to the marked points of the domain S; we denote by 
v(k) the vertex to which the k-th marked point is attached. Figure A. 3(a) shows one such 
graph describing a T-locus in A^P 2 ™ -1 , [7])^ ,c . Removing eo from T, we get a disconnected 
graph r'ur', where T' is the graph obtained from T' by replacing each vertex label j by j. 
Choose one of the connected subgraphs, e.g. T' , and add the corresponding half-edge in 
place of the central edge; see Figure A. 3(b). We denote the total half graph by Thaif- All 
calculations below are based on this half-graph; it is straightforward to check that the result 
is independent of which half we choose. 

For each vertex v in r half , let M. v = A4o, va i(i;)) where val(t>) is the valence of v, i.e. the 
number of edges and open edges in T leaving v, and Aio,vai(v) denotes a point if val(t> ) = 1, 2. 
Let 

^r hali = IJ ^ Dr hai f = d Q -Y[d e , 

v e 

where the products are taken over the vertices v and edges e in Thaif- 

A. 4. Normal bundles. For every flag F = (v, e), let jp = j v . For every element [/, (z k , c(zk))k] 
in the fixed locus corresponding to T, there is an exact sequence 

-> Aut (S, (z k , c(z k )) k ) R ->■ Def(/)n Def (/, (z k , c(z k )) k ) R ->■ Def(S, (z k , c(z k )) k ) R -> 0, 
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where E is the domain of /. Thus, 

(\ r\ ( at \ (J^f(f( ( e(Dei(f)^)e(Def(E,(z k ,c(z k )) k ) 

(A.5) e(iVr) = e(Def(/, (z k ,c{z k )) k ) ) = — 



e(Aut(i:,(z k ,c(z k )) k )™ v ) 

where "mov" means the moving part (the part with the nonzero T- weights) and e(-) denotes 
the equivariant Euler class. Following [10, Section 27.4], we now determine the three terms 
appearing on the right-hand side of (A.5). 

For each edge e of Thaif, Aut(E, (z k , c(z k )) k )^ contains a T-fixed one-dimensional complex 
subspace of infinitesimal automorphisms of the corresponding non-contracted component E e 
which fix the two branch points of f e = /|s e ; this subspace cancels with a similar piece 
in Def(/ e )iR. The space Aut(E, (z k , c(z k )) k )i&. also contains a T-fixed one-dimensional real 
subspace of infinitesimal automorphisms of the central component E ; this subspace cancels 
with a similar piece in Def(/o)iR, up to sign taken into account by Lemma A. 2. The remaining 
automorphisms, none of which is T-fixed, correspond to the vertices v in Th a if of valence 1; 
they describe the infinitesimal automorphisms moving the branch point x v of f e , where e is 
the unique edge containing v, that lies over j v . Thus, similarly to [10, Section 27.4], 

e(Aut(E, (z k ,c(z k )) k )™ v ) = JJe^Ee) = J[w(„, e ) , 

(A.6) 



val(i>)=l val(t))=l 



where w {V:{v y }) = — . 

d{v,v'} 

A deformation of a contracted component of the domain (as a marked curve) is T- 
fixed. The moving deformations come from smoothing (conjugate pairs) of nodes of E. 
For each node x of E corresponding to Thaif, Def(E, (z k , c(z k )) k )™ v contains the complex 
one- dimensional space isomorphic to the tensor product of the tangent spaces of the two 
components of E sharing x. There are two possibilities. Each v G Thaif shared by two edges 
contributes wf 1 +wf 2 , where F\ and F 2 are the two flags containing v. Each flag F=(v,e) 
with ueThaif and vai(v) >3 contributes wf—^Pf, where ipF^H 2 (Ai v ) is the first Chern class 
of the universal cotangent bundle on Ai v corresponding to the marked point determined 
by F on the contracted curve determined by the vertex v. Thus, 

e(Def(E, (z k , c(z k )) k )™ v ) = JJ (w^ ei) +w M ) ■ JJ JJ (w^ej-VW))- 

(A.7) val(u)=2 val(u)>3 v€e 

u6ei,e2 

Finally, there is an exact sequence 

-> Def(/) R -> #°(E eo , f*TF 2m - % © tf°(E e , ^TP 2 ™- 1 ) © T P] ¥ 



2m- 1 
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where the direct sums are taken over the vertices v, edges e, and flags F in I^aif- Thus, 
(A.8) 

e^E^TP 2 -- 1 )^) ne(#°(£e,/ e *TP 2 ™- T° v ) ' II FK^-A,-) 



e(Def(/)5T) 



n n(A^-A^ 

F 3+3 F 



The contribution of e 7^ eo is standard and given by 
(A.9) 

e(tf°(£ e , ^TP 2 - 1 )-) = ("1)*4£(A* - A, 2 ) 2 ^ fl II ( rXjl + ( d 4 ~ r)Aj2 - A > 

where ji and j'2 are the two vertex labels of the edge e; see [10, Section 27.4] . The contribution 
of the half-edge e$ is described by the next lemma, which is proved in Section A. 6. 

Lemma A. 2. Let (f> = n m -i, mm-i, c = t,tj, and f : (P 1 , [1, 0], [0, 1]) -> {^ 4m ~ 1 , Pi, Pi) be the 
degree d cover of a line branched over only pi and pj and intertwining the involutions c 
and (j). With respect to the canonical orientation of the moduli space .Mo(P 4m- \ Mo])^'°; 

(A.10) e(H%K J*TF^-X° v )=d \( 2 -^) d0 J] ftf^**-^)- 

j+i,2\(i+j) 

A. 5. Applications. By the classical localization theorem of [1], 

1 1 

TT t k + l\t k TT t k + l \t k 

(ah) N * (t M = v 1 f L\ " sr 1 / t.\ " 

where the first and second sums are taken over the graphs T corresponding to the fixed loci 
in .Mz(P 4m_1 , [rf])^' r and A^;(P 4m_1 , [d]) 9 ^, respectively. The negative sign arises due to the 
fact we flip the orientation of A^P 4 " 1 " 1 , [d])^ when gluing it to A^(P 4m -\ [d])^. Along 
with (A.5)-(A.10), (A. 11) provides an explicit way of computing the numbers (1.14). 

Proof of Theorem 1.8. Suppose t^ is even for some k. Given any graph T corresponding to 
a fixed locus in A^;(P 4m_1 , [d]) 9 ^, let T' be the graph obtained from T by changing the sign 
of the k-th marked point. By (A. 11), the contribution of V to N^(t±, . . . ,ti) is the negative 
of the contribution of T. Thus, N$(tx, . . . ,ti) vanishes if some tk is even. 

If d is even, the graphs V corresponding to the fixed loci in A^P 4 " 1-1 , [d]) T4m ~ 1,T and 
Mz(P 4m_1 , [d]) T4m - 1 ' r ' are the same. By (A.ll), this implies that N^ 1 ^, ...,t t ) vanishes 
if d is even. 

If d is odd, the graphs V corresponding to the fixed loci in A^(P 4m_1 , [d]) Tim - 1,T and 
^(P 4 ™- 1 , [d]) V4m - 1 ' r > are the same. Along with (1.16) and (A.110, this implies (1.15). □ 
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If d, ti, . . . , ti are odd, (A. 11) gives 



(A.12) 



NT 



/ 

r 

k=l 



n K k 



i — Thaif J Mr^ „ 

1 half half 



e(JVr) 



• • • J^)> 



where the sum is taken over all half-graphs T^aif corresponding to A4/(P 4m 1 , [d]) T4m - 1,T 
containing marked points with the + sign only. 

Example A. 3 (d=l). If d=l, t 1) ... ) t h eZ + are odd, and t x + . . .+t t = 4m-2 + /, (A.12) 
gives 



2 m 



(t 1: ...,*,) = -iVT 4 - 1 (t 1 ,...,t l ) = 2 l J2 



A 



h+...+t t 



-2A, n (AJ-Af 

l<j<2m 



(2A0 



-(i-i) 



Simplifying and using the residue theorem on S 12 , we obtain 



2 m 



Af- 1 ^, ...,*,) = -NF*-*(t u . . .,*,) = - V Res 



,2m-l 



2m 



= Res ^ 



2m- 1 



ds 



-1. 



1 ! n(^ 



3=1 



no*-*?) 



Example A. 4 (m=l,d=3). There are five distinct types of half-graphs that contribute to 
the numbers N$(3, 3, 3) with = T3, 773. In this case, we obtain 



A 3 T3 (3, 3, 3) =4 



A? 



+ 



A3 



(A 2 -A 2 )(A 2 -9A|) (A§-Af)(A|-9Af) 



1 Xf+X 



+ 



32(A 2 -A 2 ) 2 (Af-AD^V 9A 2 -A 



Al(3A 2 +5A 2 ) + A?(3A 2 +5A 2 ) 



9A 2 -A 2 



,A?A|(Af +Af) 3 Af-r-Ag 3A 2 A 2 (3Af+2A 2 A 2 +3A 



+ 



_ 3 A1 + A3 

~16(A 2 -A 2 ) 2 ~ (A 2 -A 2 )^ 8(A 2 -A 2 ) 2 ' 4 

1 Aj+A| l Af(3Af-A|) + Al(3Al-Af) l 
4(A 2 -A 2 ) 2 2 (A 2 -A 2 )* j • 

A. 6. Proof of Lemma A. 2. The restriction of 

Ppflm-l(l) ® Ppam-l(l) « Ac P (C , p2™-l(l)©C P 2m-l(l)) 

to i s trivialized by the homomorphism 

(£,a)^ (^^(z^)®^))). 



(A?-A 2 r 
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Via this trivialization, the involution $ on 0p2m-i(l) <g> 0p2m-i(l) induced by (A. 3), i.e. 
{$(£,a)}(<p(£), (x u .. .,x 2m )®(yi, ■ ■ -,y2m)) 

= -{a 1 ®a 2 }((y 2 , (-1)'%, • • • , m m , (-l)^y 2m -i) ® ((-l)^x 2 , Si, ... , (-l)\*\x 2m , x 2m _i)) , 

corresponds to the standard involution on (L i j\{p l -,p|})xC lifting the restriction of 0. Thus, 
the trivialization 

(A.13) ¥ , m -,{2m)\ LiMpim] {LsWpitPi}) x C, (£,a) -> (£,i m ^ m a(z 4 (£)^ m )), 

is an admissible trivialization of (Opam-i(2m), $) induced by a trivialization of its real square 
root via the canonical isomorphism 

0p2m-i(2m) ~ Op2m-i(m) <g> 0p2m-i(m) 

if m is even. 

In the case = r 2m „i, 

(2C» p2m -i(l)) R = {(a 1 ,a 2 )e2C p2m - 1 (l)| £ : felRP 2 " 1-1 , 



a 2 (xi, . . . ,x 2m ) = «i(x 2 ,xi, . . . ,x 2m -i,x 2m ) V(xi, . . . ,x 2m ) G £}. 

Thus, we can trivialize (20 P 2m-i (1)) K over WP\ by 

(A.14) (£, ai,a 2 ) ->• (£, ai^))) G MP- x C. 

Thus, by the discussion at the end of Section A. 2, the trivialization 

(A.15) (2 m O p2m - 1 (l))SfP l 1 xC{ J:2 K 3 - 4 » e*i, . . . , a 2m ) j = ^(z^)), 

determines the canonical spin structure on IRP 2m_1 if m is even. 

The composition of the lift of to the standard conjugation on LjjxC 2m_1 with the 
conjugation $j induced by the trivialization of TP 2 " 1-1 along by the standard 

coordinate vector fields as in Section A. 2 is given by 

' -l) W+1 z^, if./,. A- h 
(A.16) 0o$ i: C*^GL(2m-l,C), (^(zu)) jlh = { (~l) m+h) z^ , if./, 



0, otherwise. 



Thus, the composition of this trivialization with (id, A), where 
(A.17) 

( \azJ- y if j 1: j 2 = i; 

(_i)ii+A +1> ifjie{j2 J 2})2 | (j2 _,) ; 

if./, C- {./,../,}• 2 (./ 2 -/): 
0, otherwise; 

corresponds to the standard involution on xC 2m_1 lifting 0, whenever aGlR* 



^: L u \{p u pi} ->■ GL(2m-l,C), (A^))^ = < 
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We order the standard coordinate vector fields along L£\{pi,pj} so that ^ is listed first, 
followed by the pairs consisting of -J^— and -J^— with j^i and 2\(j — i). The corresponding 
element of A^ >p (TP 2m_1 ) is then mapped to 

det (A-(zg)) = x m 2 m - l az^ m 

under the trivialization of A^TF 2 " 1-1 ) over L{i\{pi,pi} induced by the composite trivial- 
ization of TP 2m_1 . On the other hand, the image of this (2m— l)-tensor under the canonical 
isomorphism (A.l) followed by the trivialization (A. 13) is (— l) mt i m z~ m . Thus, if m is even, 
the two trivializations of (A'p n _i,$) over L^\{p^pi\ are homotopic in the sense of Defini- 
tion 2.1 if and only if a > 0. 

In the case = T 2m -i, the above composite trivialization restricts to a trivialization of 
TIRP 2 " 1-1 over WPj. The first trivializing section is —ia~ 1 z i ijf-, followed by 

1/ . d _d_\ ^ 1/ d d \ 

2\ dz i:j u dzfj) ' 2\dzij " dz fj J 

with jy^i and 2 1 (J—i). Lifting these sections over the homomorphism g in the real part of the 
short exact sequence (1.13) and combining with the image of /, we obtain a trivialization of 
(2mOp2m-i) R . The composition of this trivialization with the trivialization (A. 15) sends the 
two standard real basis elements of each factor of C to either 1 and i/2a or — i/2 and 1/2 
in some factor of C. Therefore, if m is even, the trivialization of (2m(9 P 2m-i) R over MPj 
just discussed differs from a canonical one by a constant matrix-valued function which is 
orientation-preserving if and only if a > 0. Thus, the trivialization of TIRP 2m_1 over WPj 
induced by the above composite trivialization corresponds to the canonical spin structure 
on ]RP 2m_1 if a>0 and m is even. 

By (A. 16), the components of a section sGif (So, ^TP 2 ™^ 1 )]} with respect to the trivial- 
ization of /qTP™ over P 1 \{0, oo} induced by the coordinate tangent vectors along Lf\{pi,pi\ 
satisfy 

do 

^i(^) Z ^ . Si- r Z , Sj ;r ( 1) ^ ^ Sj._ r , 
r=-d 

do 

Sj ( Z ) = J2 S ^, S j]r = (-l)l^(^)+|c|r^— yj^J 

r=0 

Therefore, the complex coefficients sj._ r , with r = 1, . . . , d , and Sj.- r , with r = 0, 1, . . . , do, 
j^i, and 2\(j—i), and the real coefficient isi give coordinates on if°(£ , foTF 2 " 1-1 )^. With 
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Ai as in (A. 17), the components of AiS thus satisfy 

do 

(A. 19) (Ais)j(z) = bj. r z r , 6j. r = (— l)' c ' r 6-_ r , with = ias^ ;r 



b =2 J ~ Im ( s j ; o), if 210'-*); / & fe s = \K s r,r,-Sj.,do-r), tir^0,j^i,2\(j-i) 
>rS) ^ 0). if.///. •-'(./-/): U> ' *~ rJ ,)• if r /()..///. 2 (./ /). 

Under the collapsing procedures of Lemma 2.3 and [7, Proposition 8.1.4], the parts of 
A^ involving positive and negative powers of z correspond to holomorphic sections on E top 
and Ebot) respectively. The weights of the T-actions on the space of sections {sj. r z r } with 
l<r<do and {sj- r z r } with and l<r<do are 

r \ d — 2r 

2A, : I 1 — — and Ai - A, , 

do J d 



respectively. Since we use the complex orientation of sections on E top , these parts contribute 

n n(^ ( -, 

V 7 l<i<2m r=l v u 

to e(iJ°(E eo , / *TP 4m_1 )^ LOV ). The parts of AiS constant in z correspond to holomorphic 
sections on So commuting with the involution and constitute the direct sum of the trivial 
representation of T on the space of sections {bi- z° : 6j ;0 £ M} and of the two-dimensional 
representations of weight A— Xj with j^i and 2| (j—i). By the above, the resulting orientation 
of if°(Eo, /o*TP 2m_1 )iR agrees with the one induced by the chosen square root (for c — rj) or 
the chosen spin structure (for c = r) if and only if a>0. 

The characteristic vector field s for the action of S 1 C G c which fixes the point z = in 
CcP 1 is given by 

(A.20) (As)i = iaz- d0 ^-(e- w z) d0 = ad , (A lS ) 3 = Vj ^ i,l 

CLU 6=0 

Since ad >0 whenever a>0, this concludes the proof of Lemma A. 2. 

Remark A. 5. Let c — r,r], 4> = r 2m _i, r/2m-i, and d £ Z + be such that 2|(d|c| — \<p\), as in 
Section A.l. If i is odd, the orientation on F°(E eo , / *TP 2m - 1 )™ ov provided by the above 
composite trivialization involving the matrix A, with a > agrees with the orientation 
of the tangent space of Voi^ 2 ^ 1 , K)])^' c at / defined in Section A.l. In particular, the 
deformations of the coefficients of z r in 

d id 

Aj Y[(lTb j;r z) / A, Y[{lTbi- r z) 

r=l ' r=l 
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for j^i and 2\(j — i) correspond to the coefficients bj- r in (A. 19), up to a complex multiple. 
The deformations of the coefficients of z d+r in 

d id 

AiY[{b iir +z) / AiY[(lTbirz) 

r=l ' r=l 

with r>0 correspond to the coefficients bj. r in (A. 19). Finally, the characteristic vector field 
corresponding to the S 1 part of the variation of Ai is — 2\z d 1 r-z 1 which corresponds to 2a >0 

in R. Thus, if i is even, the orientation on #°(£ eo , / *TP 2m - x )^ ov provided by the above 
composite trivialization involving the matrix Ai with a > agrees with the orientation of the 
tangent space of Vo{f >2m ~ 1 ) [do])^' c at fo defined by the map 



• • • i a l;d], ■ ■ ■ , [ a m;l, ■ ■ ■ i a m;d], [B\, ■ ■ ■ i B m ]) 
r d d 

B\ JJ(ai ;r a; -y),B 1 JJ(x+ai ;r y), ...,B m JJ(a m;r x -y),B m JJ(x+a m;r ?/) 



d d d d 

L r=l r=l r=l r=l 



The two orientations on V (P 2m ~\ [d Q }f' c differ by (-l)(*>+i)"». Thus, if P (P 2m ~\ N)*' c is 
oriented as in Section A.l, (A. 10) extends to p 2m_1 in place of P 4m_1 by multiplying its right- 
hand side by (— i)M)+i)«w_ The resulting contribution to N$(ti, . . . ,ti) is still independent 
of the choice of r ha if- By the results of Section A.l, the orientation on Mi(F 2m ~ l , [2d]) T2m - 1,v 
there still has to be flipped when gluing this space to .Mj(P 2m ~ 1 , [2d]) T2m - 1,T . Thus, the 
numbers N^ti, . . . ,t{) still vanish. 

Remark A. 6. Let mGZ + be odd so that 

W 2 {MF 2m ~ 1 ) = W 2 (0 P 2 m -l(i))\ W 2m-l. 

For each deZ, denote by 

'ZeZ, if n = l; 



[d/2] e H 2 (F 2m -\WP 2m ~ u 



Z, ifn>2; 



a class such that [d/2] — r 2m _i*[d/2] is the image of [d] G H 2 (¥' 2m x ) under the homomorphism 
induced by the inclusion (P 2m -\0) -> (P 2 ™- 1 , MP 2 ™- 1 ). Under the identification 

(A.21) (2G p2m - 1 (l)) R -> O p2m -i(l)| Kp2m _ 1 , (£,«!, a 2 ) ->• (£,«!), 

the complex line bundle Cpam-i(l) — >■ p 2 " 1 - 1 ^ viewed as a real oriented rank 2 vector bundle, 
and the canonical spin structure on C P 2m-i (1) | Rp2m _ 1 ©T]RP 2m_1 , defined as in Section A. 2, 
induce orientations on 

^4disk^p2m-l )Rp 2m-l ; and ^disk (p2m-l ; ^m-^ [d/2])^ ; 

see [8, Section 3.1] and [9, Section 3.3]. By [8, Theorem 1.3] and [8, Section 3.2], the sign of 
the deck transformation for the double cover 

M^ i f(F 2m - 1 ,RF 2m - 1 , [d/2]) -»■ Mi{F 2rn ~\ [d]) 7 " 2 ™- 1 - 7 " 
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with the above orientation on the domain is the parity of 

^//([d/2]) +d = {m+l)d, 

i.e. tm is orientation-preserving. Remark A. 5 implies that this double cover is orientation- 
preserving with respect to the orientation constructed in Section A.l on the target. In fact, 
the argument of Remark A. 5 applies without change in the case i is odd, since the pull-back 
of the trivialization (A. 14) by fo to 

S^lix^}: \x\ = \y\} cD 2 = {[x,y]: \x\<\y\} 

extends to a trivialization of /Q0p2m-i(l), as an oriented rank 2 vector bundle, over D 2 , 
as required by the construction of [8, Section 3.1]. Since tm is orientation-preserving, this 
implies that the orientations agree for i even as well. However, this can also be seen directly 
as follows. We first change $ in (A. 15) in the z-th factor to 

(£,oq,ai) ->• (£, a-i(zi(£))) = (£, z^i (z* (£))); 

the pull-back of the corresponding trivialization of the rank 2 real vector bundle (A. 21) by 
fo to S 1 then extends over D 2 . We must thus use this new \l/ to orient if°(£ , foTF 2 ^ 1 )^ 
The components of the change of the trivialization after (A. 18) taking the two standard 
real basis vectors for C to 1 and i/2a now take them to Zjg and — zgi/2a; in order for the 
composite orientation to preserve the orientation, we must thus take a<0. The factor of zg 
pulls back to z d ° by fo, giving the same trivialization of /qTIRP 2 " 1 " 1 over S 1 if and only if 
do is even. Thus, the orientation on iy°(S , /qTP 2 " 1-1 )^ as described above differs from the 
correct one by (— l) d °. Finally, the characteristic vector field (A. 20) is now oriented in the 
opposite way to the factor of E in i7°(S , f^TF 2 " 1 ^ 1 )^ which contributes another factor of 
(— 1) to the sign, and an overall sign of (— i)( d o+i)™ ^ (A. 10). 
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